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A method is presented for the solution of heat- and mass-transfer equa- 
tions (1)-(2) for generalized conditions of the second kind, The solu- 
tions are compared with the earlier derived analogous solutions, with- 
out consideration of the Fourier relaxation criterion, 

Refe rence  [1] p r e s e n t s  new phenomenologieM hea t -  
and m a s s - t r a n s f e r  equat ions of the p a r a b o l i c - h y p e r -  
bolic type in which the f ini te  ra te  of mo i s tu r e  propagat ion 
in c a p i l l a r y - p o r o u s  bodies is taken into cons idera t ion:  

OT O @ 
. . . .  vZT - - ~ K o - - ,  (1) 
0 Fo 0 Fo 

02O O O 
- - -  L u v ~ O - - L u P n v 2 T ,  (2) 

F~  dF~o2 + OFo 

where  F o r m  = a r r m / R  2 i s  the re laxa t ion  m a s s - t r a n s f e r  
F o u r i e r  c r i t e r i on ;  Trm is the re laxa t ion  t ime; V 2 = 
= 02/aX2 + (m - 1)/X (O/OX) (0 _< X <_ 1) is the Laplace 
opera tor .  The va lues  of m for  c l a s s i c a l  bodies a re  
p r e sen t ed  in the table.  

Let us solve sys t em (1)-(2) for  gene ra l i zed  bound-  
a ry  condi t ions  of the second kind [2]: 

0T (1, Fo) 

OX 
+ Kiq (Fo) - -  ( 1 - -  8) Lu Ko Ki,. (Fo) = 0, 

0 0 ( 1 ,  Fo) 47 p n 0 T ( l '  Fo) + K i ~ ( F o ) = 0 ,  
OX OX 

OT(O, Fo) _Oi  Oe(O, Fo) 0 
OX OX 

(3) 

(4) 

(5) 

and initial conditions 

r ( x ,  0)=To(X); e(x ,  0 ) =  o0(x); 

oe (x, 0) = o~ (x). (6) 
OFo 

Applying the final integral transformation [2, 3] to 
(i) and (2) with the kernel k(#nX) (table), and then the 
integral Laplace transform over the variable Fo [2, 
4, 5], we find 

2 

TkL = E 5V" A- '  (1)iL, 
i=1 

2 

O~L = Z 6-2i A -I qJiL ' 
]=i 

(7) 

(8) 

where 

5n:=F%mP 2 + p 4 - L u ~ ;  6x2 = - -p~ :Ko ;  (9) 

6~x=LuPn[a~;  5 ~ 2 = p + > ~ ;  (10) 

A = 5,~522 - -  ~,252r = Fo,= ( p - - p j )  (p --P2) (P - -  P:,). (11) 

The roots  Pi (i = 1, 2, 3) are  found f rom the equation 

pa 47 (b~ -F FoLio) p2 + ( 1 + Lu + ~: Ko Pn Lu) • 

x Fo;7~ I ~ p 47 Lu FoT,,,' ~*~ = 0. (12) 

F r o m  the Kardano f o r mu l a  

where  

(t 
P l = a 1 4 7 b l - -  3 - '  

p~. :, = - -  ~ -  (a~ 47 b 0  - -  = y -  +_ i (a~ - -  br),  

_ u V u~ va a~= / '  2 + 7 - 4 7  27 ; 

2 4 - - ~  2 7 ;  

u =  4 - , / ;  v -  +~,  
27 3 3 

with alb ~ = - v / 3 ;  

a = ~ + Fo;-2 =--(P1N-P247Pa); ( 1 3 )  

[~ := ( 1 + Lu 47 8 Ko Pn Lu) FoT~' t*~ = 

= PlPz + PlPa 47 P~Pa; (14) 

= Lu FoT,~ I*~ : : - -  PlP2Pa. (15) 

The val id i ty  of Eqs. (13)-(15) follows f rom the the-  
o ry  of po lynomia l s  [6]. The convergence  of s e r i e s  (21) 
and (22) p r e se n t e d  below imposes  the condit ion that 
al l  the roo ts  Pi be negat ive.  In p a r t i c u l a r ,  this follows 
f rom (13)-(15),  s ince a ,  ~, and T a re  quant i t i es  that 
a re  always posi t ive.  The roots  Pin are  calcula ted 
f r o m  the above-c i ted  f o r mu l a s ,  but into these we mus t  
s u c c e s s i v e l y  subs t i tu te  the values  of Pl, #2, �9 �9 #n(n = 
= 1, 2 . . . . .  ~). 

If the d i s c r i m i n a n t  D = u2/4 + @/27 < 0, al l  roots  
are  r ea l  and different ;  if D = 0, then Pt and P2 = Pa a re  
r ea l  n u m b e r s ;  i f D  >0, Pl is a r e a l  root and 1> 2 and P3 
a re  conjugate complex roots .  

The r e c o n v e r s i o n  for the va r i ab le  X is accompl i shed  
with the f o r mu l a  [2-4] 

q)(X, Fo)----m[q~(0, Fo)L+ 

+ 2 Z kx (~.) k.(t~X) [q~ (t~,. Fo)le, 
n=l 

(16) 

where  the va lues  of m, kl(Pn),  and k(#nX) for c l a s s i ca l  
bodies  a re  given in the table.  
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To  f ind  [(p(0, FO)]k, i . e . ,  Tk(0,  Fo )  and Ok(0, F o ) ,  
i t  m u s t  be  a s s u m e d  in Eq. (12) t h a t  Pn = 0, so  t ha t  we 
h a v e  

p* + p~FoT"2 = O, (17) 

w h e n c e  p~ = - F o ~  n and the  d o u b l e  r o o t  p l  = P3 = 0. 
U s i n g  the f o r m u l a  

w h e r e  

1~(0, Fo)la = lim ~(p)  e x p p F o +  
p- PoT~ *, (p) 

+ lira r lFo expp Fo ~(p) q- 
. .  o L *2 (p) 

+ exp p F o ~  - -  exp p Fo ~(P)*;(P) ] (18) 
[r (P)]~ 

r = FO,mP2; '2  = Fo.n(p + FoT~). 

S i n c e  ~ ( p )  = 5 / j ~ j ( l ,  j = 1 ,  2 ) ,  a s  f o l l o w s  f r o m  ( 9 ) -  

( 1 0 ) ,  

lim 6ti~i= 0, w h i l e  lira ~'(p) = lira 6~i~) i. 
Drl, p~O ptrL, p~O IX n, p~O 

A f t e r  c a l c u l a t i o n  and t r a n s f o r m a t i o n  we have  the  f i n a l  
s o l u t i o n  f o r  D < 0 and Pl ~ P2 ~ Pa < 0: 

2 3 

T(X, Fo)==~li~=ffPlii, (19) 

I =  

2 3 

] = I  i----I 

w h e r e  

( ~ l l  = ~ ~) l l~  

l=1 
t 

= vn2 m ~ X m-I [To (X) + e Ko 0 o (X)] dX + 
0 

+ z 8,,,.aZ.' k,(ix.)k(ix.X) xp(p,.Fo)• 
n = l  l=1 

1 

x S [T~ (X) + e Ko O o (X)I -k(ixn X) dX -F 
0 

Fo 

+ vtnm ~ VI (Fo*)d Fo* + 
0 

*0 3 

"+'2Zl~=~lllnAlnlk2(ixn)~(ixn)~)Xn=l 

Fo 

x S V~ (Fo*) exp [Pt. (Fo--Fo*)I dFo*; 
0 

(21) 

3 

(l)t2 = Z (l)t2t = 
i = !  

I 

vt21 { F%m exp ( - -  Fo/Fo=) m.[  X--101 (X) dX + 
0 

Fo 

+ m ~ ~t'2 (Fo*) exp [ - -  (Fo - -  Fo*)/Fo,,~I d Fo*} + 
0 

1 

.q- "ql,2 {m S Xm-l [FOrm ~l (X) --~ 
o 

Fo 

+Oo(X)]dX -F m S V,(Fo*)dFo*} + 
0 

3 

�9 -I.-2Z Z~12tnA~lk(l.tnX)x 
n = l  i = I  

1 

• {exp (p,. Fo) k, (ix.),t' [F~ O, (X) -t- 
0 

+(For= p,..q- 1) Oo (X)l k(ix,, X) dX + 
Fo 

+ k, (ix.) ~ ~2 (Fo*) exp [p,. (Fo - -  Fo*)] d Fo* }, 
0 

k(ix.  X) = X m-~ k(ix,, X); (22) 

/)121 = EKo, 1)221 = - 1 ,  1)112 = 1 ,  1)212 = 0 ,  11122 = - eKo,  
P222 = 1, 6 l j i n ( l , j  = 1, 2; i = 1, 2, 3) a r e  Eqs .  ( 9 ) -  
(10) in to  wh ich  i n s t e a d  of p we h a v e ,  r e s p e c t i v e l y ,  s u b -  
s t i t u t e d  the  r o o t s  Pin; Ain  a r e  d e r i v e d  f r o m  (11) by r e -  
p l a c i n g  p by Pin and by e l i m i n a t i n g  the i - t h  c o f a c t o r ,  
w h i c h  i s  e q u a l  to z e r o :  A m = F o r m ( p r o  - Pro) (Pro - 
- P3n); A2n = -Fom(Pln - Pzn) (P2n - P3n); Aan = 

K e r n e l s  of i n t e g r a l  t r a n s f o r m a t i o n s  and c h a r a c t e r i s t i c  e q u a t i o n s  

Plate 

Cylinder 

Kernel of 
integral 

m x transfor- 
[mations 

I x  
1 R 

k, (~t n) k, (l~n) 

Sphere 

Characteristic eqUation ~rn 

sin Pn = 0 
l ~ n = n r . ( n = l ,  2 . . . .  ) 

Ja (Fn) = 0 

cos Pn X 1 (-- 1) n 

3 ~n X s n~ ~tn s n I*n tg ~n = ~tn 

Note: R is half the thickness of the plate, and the external radii of the cylinder 
and the sphere are 0 _< x -< It, 0 <_ r ~ R. 

1/3 

1/2 

3/5 
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: F o r m ( P m - P m ) ( P a n - P m ) ;  qq : K i q ( F o ) - ( 1 -  
- e ) L u K o K i m ( F o )  and @~ : LuKim(Fo) .  

When D = 0 we have p~ = 2al  - a / 3  < 0 and the 
doub le  r o o t  P0 : Pa = Pa : - ( a~  + a / 3 )  < 0. 

To  f ind the o r i g i n a l  f r o m  the m a p p i n g  of (7) and (8) 
we m u s t  u s e  f o r m u l a  (18): h e r e  it  i s  n e c e s s a r y  to f ind  
the  l i m i t s  of the  d e n o m i n a t o r s  ~ ( p )  = F o r m ( P  - p0) ~ 
and ~b2(p) = F o r m ( P  - p i ) ,  fo r  the n u m e r a t o r  ~o(p)and i t s  
d e r i v a t i v e ,  r e s p e c t i v e l y ,  as  p ~ Pl  and p ~ P0. 

If we t ake  in to  c o n s i d e r a t i o n  tha t  ,I,~(p) : F O r m ,  
whi le  ~ '  (p) = 6~/j ~ j  L + 51j @j L, a f t e r  a p p r o p r i a t e  c a l c u -  
l a t i o n s  and  t r a n s f o r m a t i o n s  we have  a c o m m o n  n o t a -  
t i o n  fo r  the  s o l u t i o n  in  the  f o r m  of (19) and (20), bu t  
h e r e  the va lue  of 6 / j i n  in  f o r m u l a s  (21) and (22) a r e  
e q u a l  to 

~: 2 Lu F 2 8~,, Ko, 6 1 l i e  = ~t OrmPm @ P i e  + , - -  --Pine 

( i = l ,  3; Pi~=PL~ o r  Po,,), 

6a,.o, = [Fo(Poe - - p , , , ) -  II (Fore, p2e + Poe + Lu ~t~)+ 

+ (2 F%,.,,Poe + 1) (Po,, - -  P J ,  

6m~ = - -  ~ Ko [Fo (P0. - -  Pl,,) P.~ - -  Pxel, 

&.~. = [Fo (P0 .  - -  P~ , )  - -  1] Lu Pn ~ ,  

6~,, == [Fo(poe --P~e) - -  11 (Po. + ~t~) + Po,, - -  P,e. 

The  n o t a t i o n  of e x p r e s s i o n s  (21) and (22) r e m a i n s  
wi thou t  change ,  wi th  the  e x c e p t i o n  of the  t h i r d  t e r m  
(i = 3): 

r 

On3 = 2 Z 6u~e AE. ~ k~ (~e) k ( ~  X) x 
n = l  

Fo 

x j" T~ (Fa*) (Fo - -  Fo*) exp [Poe (Fo - -  Fo*)] d Fo*, 
0 

oo 

�9 6 m .  ae k ( ~ e  O r e = 2  Z A - '  X)[kff~x.)exp(po,;Fo)Vo~.,x 

1 

• f Oo (X) k(l~,~ X) dX + k~ (gn) x 
0 

Fo 

x j '  *~ (Fo*)(Fo - -  Fo*) exp [Po,, (Fo - -  Fo*)} d Fo*]. 
0 

The  d e n o m i n a t o r s  

A~. = 5~.. = Fo,m (PIn - -  Poe) g, " 

Aan = - -  F % ~  (P~e - -  Poe)" 

If D > 0 ,  t h e n p ~  : x + i y ,  Pa : x -  iy,  w h e r e x =  
= - 1 / 2 ( a l  + h i )  - a / 3  and y = (3)~/2/2(al - bl) .  

A f t e r  s u b s t i t u t i o n  of the  v a l u e s  of p~ and pa and 
a f t e r  h a v i n g  e l i m i n a t e d  the  i m a g i n a r y  p a r t s  of t h e s e  
c o m p l e x  r o o t s ,  we have  s o l u t i o n s  (19) and (20), in 
wh ich  the  f i r s t  t e r m s  @lj~ f o r  p = p~ a r e  w r i t t e n  w i t h -  
ou t  change ,  wi th  the  e x c e p t i o n  of the  d e n o m i n a t o r  

Ae --- AI,, = Fo.,, (p~e - -  2r,,p,,~ + xn ~ + y~) = 

=3Vot ,~  ( ~1 ~ -}.- /7/151 "}- hi2). 

If we t ake  in to  c o n s i d e r a t i o n  that  when P0 = 0, a c -  
c o r d i n g  to (13)-{15) ,  x = y = 0, the fo l l owing  t e r m s  

a r e  w r i t t e n  in  the fo rm :  

• {exp (Xe Fo) z~ (y Fo) k I (P'n) • 

1 

x 5 [~lk To + [~lk Oo + Form Y+~ 011 -k(~te X) dX + 
0 

Fo 

q-  k~  t' [a l~  ~ I ( F O * )  + y l ~ b ~ ( F o * ) ] •  

x exp IX.  (Fo - -  Fo*)] z~ lye (Fo - -  Fo*)l d Fo*l, 

w h e r e  

l 

002 = m,f X m-1 [T o (X) - -  e Ko For., 0 1 ( X ) ]  d X  -+- 

0 

Fo 

+ m ~ W1 (Fo*) - -  e Ko gr (Fo*)l d Fo*; 
0 

I 

(I)022 = m j' X "-1  [Oo(X)+Fo..OI(X)] d X §  
0 

Fo 

+ m I ~2 (Fo*) d F0*; 

zl (y Fo) = sin Y Fo; z2 (y Fo) = cos Y Fo; 

E ( ~ , ,  x )  = x m - ~  k ( ~ .  x ) ;  

a u  (2Fo.,~x. + 1) y e - -  -1 = Yn (Pu, - -  x,d x 

• [Fo.., ( x ~ -  y~)+ x. + Lu ~]1; 

[ in  = - -  e Ko Lu ~t~ y ; l  (Pie - -  xe); 

~11 = - -  g KO [Yn - -  !J ~-~ Xn (Pln - -  Xn)]; 

(I12 = - - I ( 2  Fo/-te Xn + 1 ) ( P i e  - - X n ) +  

+ F%,~ (x. 2 - -  y~) + x. + Lu 9~]; 

[5~2 = - -  e Ko (Lu F~ - -  2x 2 Fo~); y~ - pl~ e Ko 

2 --1 %1 = - - L u P n p n ( p x n - - x . ) y ~  ; 

--I  ~2~ = [Fo.,.(2xn -4- ~ )  + 11 y. - - y .  (Pln - -  Xn)• 

2 2 2 2 2 1 x {e Ko Lu Pn ~ - -  F%~ [(x~ - -  y~) + x n ~ ] +  G + ~t~ j; 

~ = y .  _ _  y E l ( p ~ .  _ x d (x~ + ~) ;  

u22 = - -  Lu Pn ~ ;  

2 2 

+ Pa. § ~2 + e Ko Lu Pn 2 ) ;  Y22 = --(P.,. + ~ ) ;  

A n = A le  = A2n : A,~n 



268 IN ZHENERNO- FI  ZI CHESKII ZHURNAL 

T h e r e  is  some  i n t e r e s t  in c o m p a r i n g  so lu t ions  
(19)- (22)  with the e a r l i e r - d e r i v e d  so lu t ions  fo r  the 
h e a t -  and m a s s - t r a n s f e r  equat ions  of the p a r a b o l i c  
type  [2, 7]. In the g e n e r a l  case ,  fo r  the given va lues  of 
the  t r a n s f e r  c r i t e r i a  we have to ca l cu l a t e  the c o r r e -  
sponding funct ions  and c o m p a r e  the d e r i v e d  so lu t ions .  
However ,  in a n u m b e r  of spec i f i c  c a s e s  i t  i s  p o s s i b l e  
to eva lua t e  the r e l a x a t i o n  t e r m  F o r m 8 2 |  2 in 
Eq. (2). As  an e x a m p l e ,  l e t  us a s s u m e  T O = 0, O 0= 
= 0, ~ = 0; qq = const ,  q,2 = const ;  then so lu t ions  
(19)-(20)  f o r  Pl ~ P2 ~ P3 < 0 have the f o r m  

T (X, Fo) = m (Ki q - -  Ko Lu Kim) Fo + 

+ m e Ko Lu Kim F%m • [ 1 -- exp ( - -  Fo/Form)] - -  

1 
- -  - -  ('qm --  X~)(Kiq - -  NKim) - -  A1, (23) 

2 

o(x, Fo)= 

= m Ki m Lu { Fo - -  FOrm [ 1 - -  exp ( - -  Fo/Form)] I - -  

l 
- -  2 (~lm--X2)[PnKiq + (1 - - P n N ) K i  m] --  A~, 

w h e r e  
3 

A i --- 2 Z Z C],. k (~t. X) k2 (~.) exp (Pin Vo)/pin h ~-n 
n~l  i=l  

(1 = 1, 2); 

eli = ~11i IIYl "31- 1~1~ l'IJ'2 = (FOrm P~n -'}- Cu I*~) • 

(24) 

• - -  N Kim) + pia( t ( iq  - -  I'(,o LU Kim); 

C~i = 6sli ~1 + 6~2i W2 = Lu [ [Pn I(iq -[- 

+(1  - - P n N )  " 2 KI m] ~n + P i n  Kim}; 

N =- (1 - - e )  Lu Ko, 

7? m a r e  g iven  in the  tab le .  
As  F o  - -  ~,  Aj  - -  0 and e x p ( - F o / F 0 r m )  --* 0 the 

va lue s  of the  d i m e n s i o n l e s s  m a s s - t r a n s f e r  po ten t i a l  
G b e c o m e  equ iva len t  to the  so lu t ions  c i t ed  in [2] (page 

177), but  h e r e  we mus t  in t roduce  the c r i t e r i o n  Fo '  = 
= Fo - F o r m .  The deve lopmen t  of the m a s s - c o n t e n t  
f i e ld  is  somehow de layed  by the d i m e n s i o n l e s s  t ime  
F o r m .  This  i nd i ca t e s  that  the ca lcu la t ion  of the m a s s  
t r a n s f e r  without c o n s i d e r a t i o n  of F o r m  l e a d s  to va lues  
that  a r e  e x a g g e r a t e d  ove r  the va lues  ac tua l ly  obse rved .  
Th is  i s  p a r t i c u l a r l y  s ign i f i can t  in the m o i s t u r e  t r a n s -  
p o r t  of t h e o l o g i c a l  ( s t ruc tu red)  l iquids .  F o r  th is  s ame  
r e a s o n  t h e r e  i s  a l so  a s l igh t  change in the t e m p e r a t u r e  
f i e ld  by the magni tude  of the second t e r m  in Eq. (23), 
which m a y  be r e w r i t t e n  to the f o r m  

T ( X ,  Fo) ~ m {(Kiq--NKim)[Fo - - - ~  (~lml __ XS)] - 

- -  e Ko Lu Ki m (Fo -- Form)}. (25) 

The noted effect  of r e l a x a t i o n  t ime  (or  F o r m )  on 
the p r o c e s s  of c a p i l l a r y - d i f f u s i o n  m o i s t u r e  t r a n s p o r t  
a g r e e s  with the conc lus ions  d rawn  in r e f e r e n c e s  [1, 8]. 
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